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ABSTRACT 
We prove, up to isogenies, that the kernel of a regular morphism of q-cycles algebraically equiva- 
lent to zero is a divisible group. 
INTRODUCTION 
Let X be a nonsingular projective variety defined over an algebraically closed 
field k of characteristic zero (nevertheless most of that is following holds true 
in any characteristic). We denote by P(X) the Chow group of the cycle 
classes of codimension q modulo rational equivalence, by Aq(X) C Cq(X) the 
subgroup of the classes algebraically equivalent to zero. 
Let A be an abelian variety. We say that a morphism # :Aq(X) -+A is 
regular if for every triple (W, U, z) where W is a nonsingular projective 
variety, z E Cq(W x X), and u : W-* Aq(X) is the map (of sets) defined by 
u(w) = z. ({w} xX), the composition 
is a morphism of algebraic varieties. Such a map u is also called algebraic map. 
For every regular morphism # : Aq(X) + A let us denote by De the maximal 
divisible subgroup of ker 4, that is the union of all divisible subgroups of ker @J 
(see [K] p.9). By isogenv we mean a surjective abelian variety morphism whose 
kernel is finite. 
In section 1 we prove the following property of the regular morphisms. 
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THEOREM 0.1. Let X be a nonsingular projective variety defined over an 
algebraically closed field of characteristic zero. Let A be an abelian variety and 
let 4 : Aq(X) -+ A be a surjective regular morphism. Then the kernel ker @ is a 
divisible group or there exist an abelian variety A=Aq(X)/D@, a regular 
surjective morphism 6: A”(X) --) A- whose kernel is a divisible group, and an 
isogeny o : A- + A which makes the following diagram 
commute. 
A 
n 
Let Ax be an abelian variety and a,. * Aq(X) + Ax a regular morphism. The 
pair (Ax,ax) is called the algebraic representative of AQ(X) if the following 
universal property holds true: for every regular morphism @ : Aq(X) +A, A 
abelian variety, there exists a unique abelian variety morphism h : Ax + A 
which makes the following diagram 
Aq(X) A A 
\ /x 
commute. Note that if the pair (A,,a,) exists then it is unique up to iso- 
morphism and ax is always surjective (see [B], 3.2.4). Moreover when q= 1 
(resp. q = dim X) then A, = Pit’(X) (resp. Ax = Alb(X)). 
As to the case q = 2 is concerned, a theorem due to Murre [Mu] states the 
existence of the algebraic representative of A2(X). Therefore the following 
consequence of Theorem 0.1 is “effective” in codimension 2. 
COROLLARY 0.2. With the notations as above, if (A, @) = (Ax, ax) then 
a : A- -+ Ax is an isomorphism and ker ax z DOx is a divisible group. n 
The authors are indebted to Professor J.P. Murre for giving helpful advices 
during the writing of this paper. 
THEPROOFOFTHEOREM0.1. 
We know that there exists an abelian variety B together with an algebraic map 
u : B + Aq(X) such that the composition Q, 0 u is an isogeny. Since B is divisible 
the image B = u(B) is a divisible subgroup of Aq(X), so B is injective as 
Z-module and we get a decomposition (cf. [C-E], p.10, 3.4; p.134, 5.1) 
Aq(X) = BOG 
where G is a divisible group in view of the divisibility of Aq(X) and B. 
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Suppose the group ker 4 not divisible. Let D = DQ be the maximal divisible 
subgroup of ker @J and write 
where T contains no divisible subgroups (see [K], p.9, th.3). Clearly 4 factors 
through LP(X)/D as follows 
Aq(2i)/D 
CLAIM 1. The composition 40 u : B + Aq(X)/D is surjective. 
PROOF. The sequence 
(*I 0 - ker@nB - ker @J LG-0 
is exact. Indeed, since clearly ker p= ker 4 fl B it suffices to verify that p is sur- 
jective. Take g E G and put @(g) = a. As the restriction 6 : B +A is surjective 
there exists b E B such that g(b) =a. Hence the element (b, -8) EAT belongs 
to ker @. Therefore /3 is surjective since /3(b, -g) = -g by definition. 
Actually the restriction PO : D + G is also surjective. In fact, since &(D) is 
a divisible subgroup of G, we can write (see again [C-E], p.10, 3.4; p.134, 5.1) 
G = &(D)@D’ 
where D’ is a divisible group as G and p&D) are divisible. After proving that 
D’ is torsion and bounded (i.e. there exists deZ+ such that dD’=(O)), we get 
D’= (0) whence PO is surjective. To see this, consider the diagram 
B ker#=D@T-----+ G =po(D)@D’ - 0 
There exists a subgroup T,, of T which maps surjectively on D’ via /?. For every 
t E To write g=P(t). Since D’ is divisible, for every n E N there exists g’E D’ 
such that g = ng’ and g’=P(t’) for some t’E T,,. Therefore P(nt’- t) = 0 that is 
nt’- t% ker @ tl B. Since $J 0 u is an isogeny then ker @ fl B is a finite group of 
order d, so that ndt’ - dt = 0 for all n E N. This means that dT,, is a divisible 
subgroup of T, which contradicts the maximality of D. Therefore it has to be 
dt = 0 for every t E To, hence D’ is torsion and bounded. 
From (*) we obtain the exactness of 
0 - ker#nB/DnB 2 ker @/D - G/P(D) - 0 
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Therefore (T is an isomorphism since G//?(D) = (0) as /ID is surjective. Then we 
get the commutative diagram with exact rows: 
0 - kerdftB/DnB - B/DnB-A-O 
11 1 II. 
0 - ker d/D - Aq(X)/D a A - 0 
Hence the Five’s Lemma gives an isomorphism 
B/D fl B s Aq(X)/D 
and Claim 1 follows. n 
Now, put N = ker {@J 0 u : B --) A}. Since 4 0 u is a morphism of abelian 
varieties, there exist an abelian variety M and a finite subgroup M’ of B such 
that N=M@M’([W], Thm.11, p.122). In particular 40~ induces a surjective 
morphism of abelian varieties rs : B/M+ A ([WI, Prop. 10, p. 126) whose kernel 
N/M=h4’ is finite, hence o is an isogeny. Since u(M) is a divisible subgroup 
of ker @, then the image u(M) is contained in D, so there exists a morphism 
(of groups) d which makes the following exact diagram 
O-M-B& B/M - 0 
u 
I I 
u 
0 - D - Aq(X) - Aq(X)/D - 0 
commute and d is surjective in view of Claim 1. Thus we get the commutativity of 
Since o is an isogeny the kernel ker d is finite. Therefore the quotient Aq(X)/D 
has a structure of abelian variety A(= (B/M)/ker 6) and d is a morphism of 
abelian varieties (see [Ml, Th.4, p.72). Hence 60 u = B 0 K is an abelian variety 
morphism too. Furthermore, since ker d C ker CJ there exists an isogeny 
a’:Ad A such that a’0 d=a (see again [W], prop.10, p.126). Recalling that 
a 0 d = 0 and the surjectivity of B then clearly it follows that a = a’. Thus a is 
an isogeny too. Now, via the isomorphisms (of abelian varieties) 
(B/M)/ker o z A z A/ker a, 
one sees that the structure of abelian variety on A does not depend on the pair 
(B, U) whenever @ 0 u is surjective (see [Ml, th.4, p.72). 
To prove that 6 is a regular morphism, let V be a nonsingular projective 
364 
variety and let u : V+ A4(X) be an algebraic map. The universal property of 
the Albanese mapping gives a morphism h such that the diagram 
e”u 
V-A 
alb 
\/ 
h 
AW’) 
commutes. Now, take a nonsingular curve CC V such that the induced mor- 
phism i: J(C)+Alb(V) is surjective. The restriction 01~: C-P(X) is an 
algebraic map which induces an algebraic map 0’: J(C) +Aq(X). 
CLAIM 2. The composition 60 o’ : J(C) -A is an abelian variety morphism. 
PROOF. If @ 0 u’ : J(C) + A is surjective, the assert follows from the previous 
arguments. So let us consider the case when @ 0 O’ is not surjective. Again, we 
can choose an abelian variety B and an algebraic map u : B + Aq(X) defined 
by a cycle z E Cq(B x X) such that @ 0 u is surjective and let Z’E CQ(J(C) xX) 
be the cycle defining o’ : J(C) + Aq(X). Let 
7r~:BxJ(C)xX-+J(C)xX, nz:BxJ(C)xX-+BxX 
be the projections and put 
y = n:z’+n;z~C~(BxJ(C)xX). 
Let i2 : B + J(C) x B be the canonical embedding. Then y defines an algebraic 
map r: J(C)xB-+Aq(X) such that @oI’oi2=@ou (see [S], p.99), so @JOT is 
surjective. Therefore the same argument as above gives us a commutative dia- 
gram 
J(C) A J(C)xB A M(X) -f- A 
I 
J(C)xB/Q 1 
where Q is the maximal abelian variety direct summand of ker (9 or) and 
B is an isogeny. Hence &oroi, is a morphism of abelian varieties. Let 
a -’ :A +A be the isogeny such that (r-’ 0 a =. n in a (where ker (r is killed by 
n). Since @ or0 il = @ 0 O’ (see again [S], p.99) one has 
that is 
n&oroi, =n~ov’ 
It follows q?o ro il = 60 o’ as J(C) is divisible. This proves Claim 2. n 
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The commutativity of the square (of abelian variety morphisms) 
$500’ - 
J(C) - A 
i a 
i 1 
Alb(I’) 1 A 
gives the inclusion ker ic ker {J(C) -+ A). By a result due to Bloch ([Bl], $4, 
p.119-120) one sees that the n-torsion in J(C) maps onto that in Alb(V) for 
every positive integer n (‘) This means that ker i is a divisible group. Since . 
ker a is finite, then we get the inclusion 
ker ic ker{J(C) ‘Ov AA) 
Thus in view of Claim 2 and the isomorphism J(C)/ker i zAlb(V), the mor- 
phism 60 o’ factors as follows ([WI, Prop.10, p.126): 
qTov’ - 
J(C) - A 
i 
I/ 
e 
Alb(I’) ’ 
where Q is an abelian variety morphism and the commutativity of the previous 
diagrams implies that of 
v u A9(X) 
Therefore we conclude that 60 u is a morphism of abelian varieties. This means 
that 6 is a regular morphism. 
Moreover ker 6 is a divisible group as ker &=D and Theorem 0.1 is proved. 
q.e.d. 
Now Corollary 0.2 immediately follows. Indeed the universal property of 
Ax together with the divisibility of ker 6 gives surjective morphisms (of 
abelian varieties) fi,ax which make the diagram 
(I) Added in proof. In view of a recent result of Milne ([Mi], 2.1) the same is true in any charac- 
teristic. Then Theorem 0.1 may be expected to be true in nonzero characteristic too. 
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commute. Then A,,4, are isomorphic because ax,6 are surjective. Hence 
ker ax= ker 6 is a divisible group. n 
Theorem 0.1 applies to give an explicit construction of the algebraic represen- 
tative in a particular case. 
Let X, Y be nonsingular projective varieties defined over an algebraically 
closed field of characteristic zero and let f : X* Y be a generically finite 
morphism of degree d. Suppose there exists the algebraic representative 
(Ax, ax) of A9(X) and let @ = ax 0 f * where f *: A9(Y) + A9(X) is the inverse 
image induced by f. Then @ is a regular morphism whose image A is an 
abelian subvariety of Ax (see also [WI, $IV, 21). Write A=A9(Y)/D@ and let 
4: A9(Y) -+A be the projection. 
COROLLARY 0.3. With the notations as above, the pair (A, 6) is the algebraic 
representative of A9(Y). 
PROOF. Theorem 0.1 applies to give a commutative triangle 
A9(Y) @ ’ A 
\/ 
6 a 
A 
where 4 is a surjective regular morphism whose kernel is a divisible group and 
a! is an isogeny. Then we have to verify the universal property. Let B be an 
abelian variety and let /? : A9(Y) + B be a regular morphism. Since f is generi- 
cally finite, we see that the composition /lo f* is a regular morphism too. Look 
at the commutative diagram 
f’ 
A9(Y) - A9(X) f*_. A9(Y) 
where h is an abelian variety morphism induced by the universal property of 
ax. Let N be the kernel of the multiplication by d, A * A, induced by 
(f,, f *)=-d. Choose YEN, xcA9(Y) such that &x)=r. Then dy=O=d(&x))= 
= &x), hence dx E ker $. In view of the divisibility of ker & we can assume 
dx= 0. Otherwise there exists X’E ker 4 such that dx=dx’; putting x”=x-x’ 
then we find dx” = 0 and 4(x”) = i(x) - 6(x’) =y. Write T = h 0 a. Thus we get 
r(y) = 5(&(x)) = /3(dx), that is y E ker r, so NC ker T. Hence T factors as follows 
A 
T ,B 
\/ 
.d i 
A 
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where i is an abelian variety morphism (see again [WI, Prop.10, p.126) which 
makes commutative the diagram 
AqY) $ A 
B 
I/ 
i 
B 
and this gives the result. q.e.d. 
REMARK. We note that the existence of the algebraic representative of M(Y) 
also follows from [S], 2.1. 
EXAMPLE. Let Y be a nonsingular projective variety of dimension n I 5 and 
suppose Y to be unirational. Then there exists a generically finite rational map 
f: IP” --+ Y and let 
R 
A 
a f 
f Ip”--y 
be the resolution of the fundamental locus off. The condition n I 5 implies the 
existence of the algebraic representative (A,,+) of A4(R) (see also [S], 2.7). 
WriteA=Aq(Y)/D# where #=aRoJI* and let 6:Aq(Y)+A be the projection. 
Then Theorem 0.1 applies to say that (A’, 6) is the algebraic representative of 
Aq(Y). 
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